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Supervised learning

Let g : X — Y be an unknown function. The fundamental ingredients of supervised learning are

©Q D= {(xD,yMN}i_1. . where y() = g(x() a training set of examples
Q 7={f(0,x)}ocw a parametric class of functions (model)
©Q L) = % 1 % (f(©,x() —y("))2 an (empirical) cost function

9(z) ~ {f(©,x)}

L(©)
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Initialization and training

40, =-VeL(©® minimization of the error on the examples
QeP — @t oL(6:) P
Ot—0 = Oo random initial parameters

Question: Can we describe the behaviour of the function generated by the QNN?

(O, x) =777
Doubts: L) v
Q convexity o 10.0)
@ expressivity
© overfitting o X

o 0.=0*

The overparameterized regime corresponds to #0© > |D| i.e. m — co.

@ J. Lee & al., Deep Neural Networks as Gaussian Processes. arXiv: 1711.00165. (2018)

@ J. Lee, & al., Wide neural networks of any depth evolve as linear models under gradient
descent. Journal of Statistical Mechanics: Theory and Experiment (2020)
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Quantum neural networks
10y — Wioy H v Wit | Wit F—D O,

oy ] E Wi ID o,

10y —[ o) H Vi E Waltg {0 HLD 0,

F ={f(0,x)}ecr = |0y — w0y H vz W,i(0,1) E Wisl61) H ID 0,

10) %_H D 0;

Wio(#

[0Y — W0 Wis(019) E Wagl(0a0) k—D 0y
|0y —{ Wi6:) H () }—{ Wiy(0:) Wasl0) ——D) O,
The function f(©, x)) is given by the expectation value of a measurement of an observable O on

the state evolved by a parameterized quantum circuit, which encodes the input x € X and the
trainable parameters © € £.

£(©,x) = N )(0"’|UT(@ XN 01 + -+ 4 Om)U(O, x)|0™)

The fundamental quantities to characterize the architecture of the circuit are

@ L[ = L(m): number of layers

@ |F|, |P|: maximal cardinalities of future and past light cones
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Quantum neural networks

|0y = Wi0) H v Wi0y) |—— Wis(0) |+—D O,
10} _‘—94H I: Wig(616) ID O,
‘0) 4‘ Wi(6;) H V(zy) Wio(010) Wia( 917 D 03
F ={f(®:X)}ecr = |0y =L Wit) H (= W0, E Wi 039) H ID o,
|0y —{ W, H Wis(B1) D O,

[0Y — W0 Was(0s5) E Wao(0) H——]) Oy
|0y —{ Wi6:) H () }—{ Wiy(0:) Wail0:) ——D) O,
The function f(©, x)) is given by the expectation value of a measurement of an observable O on

the state evolved by a parameterized quantum circuit, which encodes the input x € X and the
trainable parameters © € £.

f(©,x) = Z fi(©, x) (0, x) := (0™ UT(©, x) O, U(O, x)|0™)
k:

The fundamental quantities to characterize the architecture of the circuit are
@ L[ = L(m): number of layers

@ |F|, |P|: maximal cardinalities of future and past light cones

@ N(m) normalization of the model (covariance O(l)as m — oo ﬁ Sy Xk — X)
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Initialization and training

49, = -VeLl(O minimization of the error on the examples
Gy o (% Vor©) ’
BOi—0 = Og random initial parameters

Question: Can we describe the behaviour of the function generated by the QNN?

F(©1—0,x) = 777

Doubts:
=20 L(©) Y &lz)

Q convexity S 0.0)
@ expressivity
© overfitting o

o 0.-6*

The overparameterized regime corresponds to #© > |D| i.e. m — co.
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Initialization

10) D

0 oo

:0; B Theorem (Central limit theorem)

|0) D Let X1, X2, X3,... be a sequence of i.i.d. random
) D variables with

10) D )

10) D o, EX]=0  Var[X]=o

10) D 2

10} D and let X ~ N(0,0%). Then

10) D o

|0) D 0wy —ZX,( Elo5e (i) —s6e

10) D vmia |
10) D

‘50> D What about our case?

10) D 1 "

10y D 0.9 = 5 kz_jl fi(©,x)

10) D -

|0) D @ Define a “Gaussian distribution” for functions.

) @ £(©,x) are not independent.
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Gaussian processes

Definition (Gaussian process)

A Gaussian process {f(x)}xex with mean function p: X — R
and covariance K : X x X — R is a family of random variables
such that, for any finite subset F C X,

{F()}xer ~ N (u(F),K(F,FT)).
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Dependency graph of a circuit

10) D1
10) D2
|0) D s
|0) D4
|0) Ds
|0) D6
10) D7
|0) D s
|0) Do
|0 D 10
|0 D 11
[0) D12
|0) D 13
) D14
10) D15

@ Féray, V., Méliot, P.-L., Nikeghbali, A.: Dependency graphs and mod-Gaussian
convergence, pp. 95-110. Springer, Cham (2016)
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Initialization

10) D
10) D
10) D
10) D Theorem (GP at initialization)
lo D
\0§ D Let 61,...,0.n independent random variables.
10) Do Suppose that
0 D iim TIPPIPE _
im ————— =
10 D moee N3(m)
[0) D Then, in the limit of infinitely many qubits,
1) D Oy x = f(M(©, x) converges in distribution to a mean
[0) D zero Gaussian process with covariance function K:
10) D d
10) D Mo, ) & F°)(.) ~ GP(0,K)  m — oco.
10) D @ FG & G. De Palma, Trained quantum neural
[0) D networks are Gaussian processes,
|0) D arXiv:2402.08726 [quant-ph]
10) D

L(m)
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Initialization and training

et:O

00 € 7 %@t = —VoL(©:) minimization of the error on the examples
o — L
S} random initial parameters

Question: Can we describe the behaviour of the function generated by the QNN?

f(©¢—0,x) ~ GP(K,0)

Doubts:
=20 L(©) Y &lz)

0 convexity 0 0.0)
@ expressivity
© overfitting o

o R

The overparameterized regime corresponds to #© > |D| i.e. m — co.
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Training of the network

We recall that D = {(x(), y()};;  pandwecall X = (x(V), ... x(M)T, vy = (y@, ... y())T,

d d .
Ee* = —nVeL(O:) — If(@t,x) = —noKe,(x, XT) (F(©, X) — Y)

where we have introduced

Ro(x,x') = W(Vef(@,x),vef(@,x’)) (empirical neural tangent kernel)

Three ingredients

@ limm—oosup, ||©t — Opflec =0 (lazy training)
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Training of the network

We recall that D = {(x(), y()};;  pandwecall X = (x(V), ... x(M)T, vy = (y@, ... y())T,

d . d . . .
9o = VoL (@)~ LFn(efx) = —mofe, (. X7) (Fn(Ol", X) - ¥)
dt dt
where we have introduced
~ 1
Ko(x,x') = ———(Vof(©,x),Vof(0,x")) (empirical neural tangent kernel)
Nk (m)
Three ingredients
@ limm—oosup, ||©t — Opflec =0 (lazy training)
@ M@, x) = f(Oo,x) + Vol (O, x) - (0r — Op) (linearized model)

F(©r, ) % (79 () = £ ) = R, XT)R™E (1= e 70K ) (F2)(X) — v)
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Training of the network

We recall that D = {(x(), y()};;  pandwecall X = (x(V), ... x(M)T, vy = (y@, ... y())T,
L oln= VoL@l = L finOl,x) = —moke, (x X ) (F"(Of", X) - ¥)

where we have introduced

Ro(x,x') = W(Vef(@,x),vef(@,x’)) (empirical neural tangent kernel)

Three ingredients
@ limm— oo sup; ||©: — Oglloc =0
@ M@, x) = f(Oo,x) + Vol (O, x) - (0r — Op)
@ limm— o0 SUP¢>0 SUPxex |f(@t,x) - f”"(@’t"",x)| =0

(lazy training)
(linearized model)

(convergence of trajectories)
Therefore,

F(©r, ) & £°9() = F)() = R, XT)R™E (1 = e 70K (£ (X) — v)
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Our result

Theorem (Trained quantum neural networks are Gaussian processes)
Suppose that the parameters are i.i.d. uniform random variables and that

. Lm|F|*|P|?
lim ——————— =

T N (m) and K = m“jlo ]E[Reo(X, XT)] exists and is invertible

(perfect fit) Then, for any 6 > 0, there exist m € N and Ro > 0 such that, for all m > m, with
probability at least 1 — & over random initialization

1
£(O¢) < SRS log(2n)e™ 370 mi.

(regularity) Moreover, in the limit of infinitely many qubits the model converges in distribution
to a Gaussian process for any t > 0. In particular, as t — oo,

Hoo(x) = R(x, XT)R1Y,
ICoo(szl) = ICO(X»X/) - R(XaxT)R_lKO(szl) - R(X/7XT)R_1,C0(X7X)
+ K, XTYK1Ko(X, XT)K LK (X, x").

@ FG & G. De Palma, Trained quantum neural networks are Gaussian processes,
arXiv:2402.08726 [quant-ph]
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Initialization and training

d
%Ot

O:i—0 = O9 random initial parameters

—VoL(©:) minimization of the error on the examples

Q¥ — {

Question: Can we describe the behaviour of the function generated by the QNN?

f(Or, x) ~ GP(K¢, p1t)

Doubts: o) v

e convexity
@ expressivity

e overfitting o* pyrs:

The overparameterized regime corresponds to #0© > |D| i.e. m — co.
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Initialization and training
d _ e .
&c? 2Ot VeoL(O:) m|n|m|za}t|-or1 of the error on the examples
©i—0 = Op random initial parameters
Question: Can we describe the behaviour of the function generated by the QNN?

f(Or, x) ~ GP(K¢, p1t)

Results:

@ 'convexity”
Q@ perfect fit
Q regularity

e noise

The overparameterized regime corresponds to #0© > |D| i.e. m — co.
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Discrete time setting and statistical noise

/’\1 7 E
( |0™) |U(O,z) DO§ : ) x M times

>\I\Y (._)*

The components of Vg £(©) are estimated via M repeated independent measurements:

d
E@t = —VeL(O1) — Ot11 — Ot = —Ug(t)(@t):

where

E [¢7(©)] = oy, £(0).

We say that the variance is sufficiently small when

2 K 4 2
'(t) < "o ()‘min) NK(m) 5/4
Var[g' (e)] = 864m2  n2 | IMP23m3 | (t+1)2 £(©).
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Discrete time setting and statistical noise

/’\1 7 E
( |0™) |U(O,z) DO§ : ) x M times

o

The components of Vg £(©) are estimated via M repeated independent measurements:

d
E@t = —VeL(O1) — Ot11 — Ot = —Ug(t)(@t):

where

E [¢7(©)] = oy, £(0).

In order to have £L(©+) < €, we need less than

1 1\3 L4md|M|?
Miot = C(6, )\,’f”-,,, n); (Iog z) W

measurements, which is polynomial in the number of qubits.

F. Girardi, G. De Palma Trained QNN are Gaussian processes TQC, 13th September 2024



Barren plateaus vs quantum advantage

L(©)

©

@*
The gradients of the cost function decay exponentially with the number of layers:

1 - m
f(©,x) = W;fk(@,x) N(m) = \2/; L = elogy m.

Considering qubits on 2D square lattice with (nearest-neighbor) interactions and € < é, we have

Lm|FI*|P2 _

NA(m) o (m_ e poly(log m)) —0 and log dim #.oc — 00

log m

@ J. Napp, Quantifying the barren plateau phenomenon for a model of unstructured
variational ansitze, arXiv:2203.06174 [quant-ph]
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Summary and open questions

Quantum neural networks and Gaussian processes

@ In the limit of infinite width, we have a Gaussian process at initialization.
@ In the overparameterized regime, lazy training occurs: perfect fit and Gaussian process.

@ These results are stable under statistical noise.

Open questions

@ Given a finite size circuit, how far is the generated function from the corresponding
Gaussian process? We are working on quantitative bounds on the finite sized effects.

@ And what is their role?
@ s there a strategy to classically simulate this regime?

@ Are there, on the contrary, algorithms that provide a superpolynomial quantum
advantage which can be retrieved by the training of a quantum neural network?
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